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DERIVATION AND ANALYSIS OF THE DYNAMIC EQUATIONS OF 
MOBILE ROBOTS WITH RANDOM DISTURBING FORCES BASED ON 
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Abstract. In this paper, the derivation of the equations of dynamics of a four-wheeled mobile robot is carried 
out using the variational principle of least constraint, known as the Gauss principle. Equations of nonholo- 
nomic constraints are obtained. The function of the measure of coercion of the four-wheeled mobile robot is 
composed. Dynamic equations based on the Gauss principle are obtained taking into account the dynamic 
characteristics of two DC motors. Methods for taking into account the friction forces on the wheels and random 
perturbations due to the unevenness of the canvas are proposed. On the Maple platform, an algorithm and a 
program for modeling the dynamics of a mobile robot based on the Gauss principle were developed the cor­
rectness of the obtained equations of robot motion were proved.
Key words: Mobile wheeled robot, Gauss principle, equations of dynamics, motion modeling, disturbing forc­
es.

Introduction. The subject o f the proposed 
study is a four-wheeled cargo mobile transport 
robot (CMTR). Such robots are used in the ma­
chine-building complex for flexible automated 
production tasks[1], warehouse terminals, and 
are gaining an increasing sector in the mining in­
dustry [2].

The research begins with modeling the dy­
namics o f mobile robot (MR). A lot o f works are 
devoted to solving this problem[1]. Algorithms 
for implementing dynamic calculations can be 
built using traditional Lagrange-Euler or New- 
ton-Euler methods [3]. In many works, other 
forms of robot motion equations are used. These 
include the Wicker equations [4], or the recurrent 
Hollerbach equations [5], obtained using the La­
grange-Euler method; the Lu equations [6] based 
on the Newton-Euler method; the Lee equations 
[7] using the generalized Dalembert equations. 
All these equations are different in form, since 
they are obtained for different purposes [1,3]. 
Some o f them provide the minimum time for 
calculating control moments and reactions in the 
joints o f the manipulator, others are used in the

synthesis and analysis o f control laws, the third 
is used to simulate manipulator movements [8].

In the dynamics o f wheeled MR, the main 
issue o f modeling is the interaction o f the wheel 
with the surface (relief), which is character­
ized as a non-holonomic bond [9] or the fric­
tion force based on the Coulomb-Amonton law 
[10,11,12], with liquid friction according to the 
Newton formula [12]. In [11], four possible cases 
o f wheel-terrain interaction were noted. The first 
case is a rigid wheel moving over rough terrain. 
The second case is a rigid wheel moving over 
deformable terrain. The third case is a deforma­
ble wheel moving over a deformable terrain. The 
fourth case is a deformable wheel moving over 
rough terrain. Although many different types of 
models (i.e. finite elements, discrete elements, 
empirical) have been developed for each o f these 
four cases, the focus here is on analytical models 
[12]. At the same time, in these works, the ran­
dom nature o f friction associated with the change 
of sign and the consideration of abrupt changes in 
the load were ignored. For highly loaded robots, 
dynamic performance indicators become essen-
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tial because they have a significant impact on the 
modes o f movement o f the system.

Relevance in the design of a transport mo­
bile robot is the description o f its dynamics un­
der the influence o f external disturbances o f a 
stochastic nature on the cart, the study of the ro­
bot’s response to such disturbances (a jump-like 
change in the gravity o f the load) and the con­
sideration o f nonholonomic constraints (wheel 
slippage).

In this regard, the practical application o f a 
mobile transport robot requires extensive research 
o f the dynamics and evaluation o f the accuracy of 
the quality o f movement in order to optimize the 
developed control system, while not changing the 
developed concept and hierarchical structure of 
the intelligent control system MR [13,14,15].

The novelty o f this article is the differential 
equations o f motion o f a mobile robot obtained 
using the variational principle o f least constraint, 
known as the Gauss principle.

Algorithms and numerical programs have 
been developed for analyzing and deriving cal­
culated formulas o f disturbing forces, including 
stochastic ones, due to random obstacles under 
the wheels, abrupt changes in the load and its 
movement on the upper platform, sudden chang­
es in the directions o f movement, acceleration 
and braking o f the robot in a short period o f time.

Derivation o f dynamic equations. The uni­
versal platform of the mobile robot consists o f a 
frame on which four wheels and two electric mo­
tors are attached (Figure 1). The two rear wheels 
are driving. The robot platform is a frame o f vari­
able length on which various mechanisms can be 
installed.

Figure 1 - Calculation scheme of a mobile robot for 
deriving equations of motion

We introduce the following coordinate sys­
tems: a fixed coordinate system O xyz  ? the plane 
o f whi chO-гу coincides with the horizontal rough 
plane on which the wheels o f the robot roll, and 
the movable system ^ Х±У±2 1 starting at point A, 
rigidly connected to its platform (Figure 1). At 
the same time, the axis A y± directed along the 
linetT3 C4, and the center o f gravity o f the robot C± 
lies on the axis A x u  being the axis o f synmietry 
o f the chassis.

When modeling the movement o f a mo­
bile robot, we introduce a number o f conditions: 
a) the robot is considered as a system of abso­
lutely rigid bodies; c) the movement is carried 
out without slipping; d) the masses o f the front 
wheels, gears o f reduction gears are considered 
equal to zero; c) the robot moves with the driven 
wheel forward.

Communication equations. The position 
o f the bodies o f the mobile robot in the coordi­
nate system O xyz  is determined by the vector of 
generalized coordinates q± =  \x ,y ,ф, <p±f <p2 |r  
, where Х,У  -  координаты точки A -  the mid­
points o f the segment connecting the centers C3 C4 
rear wheels 3,4; Ф - angle o f rotation around the 
vertical platform 1, measured from the axis Ox; 
Фг-'Фг - angles o f rotation o f the driving wheels 
relative to the horizontal axes. Accordingly, the 
vector o f generalized robot velocities has the 
form q = \хгу гф ,ф 1гф2 |r .

The platform angular velocity vector is de­
fined as Л = \0,0,Ф' |r , where vector Q given 
by projections on the axes A xyz. The vectors 
o f the angular velocities o f the drive wheels are 
determined by the relations: |r ,
Л 2 =  \и,ф2,ф ш |r , where given as pro­
jections on the axes A*' i y i z

The speeds o f the points o f contact o f the 
driving wheels with the surface can be deter­
mined from the equations:

( 1 )a  = -  ^  : -  у :. - >
vp =v + [n ,i\  + [n21T l
where ^ - linear velocity vector o f point A 

of the platform; ^ps - contact point velocity vector 
^ 3  left wheel; - contact point velocity vector A4 
right wheel;  ̂ =  AC3 =  AC4 - h a l f  the distance
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~  С*?* -  ^4^4between the driving wheels; r  
-  drive wheel radius.

Since the movement of the drive wheels
va =VD = 0occurs without slipping, it means vpa 

Taking into account this condition, based on the 
projection of equation (1) on the axis A x 1y 1z 1 we 
obtain three independent equations of non-inte- 
grable (non-holonomic) constraints:

COS1vP3y 1 rP 4 y l lip +  у  cos ip
VP3xl = x  cosip +  у  sin ip +  Ьф — гфх = 0, 
VPXv .| =  x cosip +  у  sin  ip — Ьф — гфn =  0,(2)

Vector of pseudo velocities (j1 = № ^]) 
includes two elements: velocity
V = x  cos /  + y  sin /  points A, angular velocity 
of platform Q=щ . The relationship between the 
generalized and pseudovelocities of the system in 
this case has the form

q = H ii  (3)
Let’s write down the matrix Н:

Dependence (3) between generalized ve­
locities and pseudovelocities can be rewritten in
scalar form:

x  =  Vcosip9 у  = Vsinip ̂  (4)
: ^  . v+m ■ v-гп

1P =  n , <P± =  — , Ф2 =  — ,
Dynamic equations. The derivation of dif­

ferential equations will be carried out using the 
variational principle of least constraint, known as 
the Gauss principle. As a measure of coercion, 
a value Z is taken in the form of the following 
functional
г  = i l f l ,  [m, (i, -  + m, (у, -  + A (*, -  f ) ‘ ] (5)

Here Fixr'Fiy- projections of external 
forces reduced to the center of mass, moment 
of external forces, mass and moment of
inertia relative to the center of mass of the i-th 
link, S x ir Зу^дф} - variations of projections of 
the acceleration vector and angular acceleration.

The equations of dynamics of a mechanical 
system are obtained from the stationarity condi­
tion in variational form and the necessary condi-

tions for the minimum of the functional (5)
sz = о, ay  = 0.PIT... (6) 

The moving parts of the mobile robot are 
the platform and wheels, which, relative to the 
plane of their location, make flat movements. 
The following designations are accepted: rn±
-  суммарная масса платформы, j ± - the mo­
ment of inertia of the robot about the vertical axis 
passing through its center of mass Съ a = AC±
-  distance from point A to the center of gravity 
of the robot C±, m k -  total weight of the driving 
wheel, 1y -  moment of inertia of the wheel about 
the horizontal axis.

Then functional (5) for the considered mo­
bile robot can be written in the form 
Z= ^m 1( v -  y f  + (Л + т ^2)(ф -  + +

( * - » ) ' + CD
where Mfrl,Mfrl — moments of rolling friction 
on the driving wheels; Mdl , Md2 -  driving mo­
ments; P -  projection of the main force on the 
direction of velocity v , brought to point A plat­
form, MR -  main moment of forces acting on the 
platform.

In equation (7) from system (4), we substi­
tute the last two equations, which are presented 
in the form

<Pi = b±V + b2fi
<p2 = b ±V - b 2n  (8)

where =  V r  , = Vr.
Then

+0y+mkr2)

(9)(*•* + M  + ft, + mkr>) -  M  -  “ )],

From conditions (6) one can obtain four 
equations. The first condition satisfies the equa­
tion
SZ — 5-̂ ^ 7 Г Si t —Ь — 0 (tO)

Note that synchronous variation takes place 
here, in which only the acceleration remains

Vi 1 = Vi2 , Wii ф Wi2 , which is called Gaussian 
variation:

Sri = 1  Swi (At )2 (11)
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where At - short time, Srt - displacement vector

variation, Swi - acceleration vector variation.
Taking into account the independence of

pseudoaccelerations ™T — ^  и =  & to fulfill 
equation (10), it is necessary that

=  0 В 2( ^ Д 2)  =  0. (12)
Equation (12) is used to determine the driv­

ing forces , ^ d 2 .
The equations o f motion o f the mobile ro­

bot will be obtained from the equations
2 ^ = 0  ®- = 0

"■ " (13)
Let us assume that DC motors are installed 

on the driving wheels [13,17]. Then, based on 
equations (12) and (13), we obtain the equations 
o f the dynamics o f a mobile robot in the follow­
ing form:

(14)
where £- inductance; i lf i 2

- currents in the armature circuits; 
R — arm ature circuit resistance; Ulf U2 -  cir­
cuit voltage (control parameters); n  - gear ratio.

The coefficient o f electromechanical inter­
action with is determined as follows:

(15)
where - motor starting torque; - rated 
motor torque; yH , UH- respectively, the rated an­
gular velocity and the rated voltage o f the elec­
tric motor.

Values lf  F’k
we define as follows:

Mf r k

- SN,

1,2) from equations (14) 

sign(<pk)r<pk Ф 0,
—nci k ’ <Pk = 0, \ncik\ <  SN' t '

- .. - .".’-',(16) 
where fi — коэффициент трения качения; Nk 
—  normal reaction force o f the horizontal refer­
ence plane acting on k - driving wheel.

Discussion of results and conclusion. As 
a result, based on the Gauss principle o f least 
constraints, the equations o f dynamics o f a four­
wheeled mobile robot with two driving wheels 
are obtained. Equations (14) take into account

the moments o f friction force that occur between 
the wheels and the web, as well as the dynamic 
characteristics o f DC motors. The unevenness of 
the web when modeling the dynamics o f a mobile 
robot is carried out by adding to the system (14) 
the following equation

m z = —c(z  — h) — a ( z  — h ) ,

where the functions h(z) o f the road rough­
ness and has the form of a function with a random 
amplitude.

b)
Figure 2 -  Graphs of the movement of a mobile robot: 

a) the trajectory of movement; 
b) animation of moving the robot platform

In the Maple analytical computing sys­
tem, a program was compiled for simulating the 
movement o f a mobile robot based on equations 
(14) and calculating the transverse vibrations of 
the robot body when moving along a road with 
bumps based on equation (17). Figure 2 shows 
the simulation results. Figure 2a shows the tra­
jectory o f the center o f gravity o f the mobile ro­
bot with the speed V and the angular velocity of 
rotation Q o f the platform relative to this center. 
The turn can be clearly seen in Figure 2b, which 
shows the animation of platform movements 
along the center trajectory. Figure 3 shows a plot
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of the speed V of the platform along the trajecto­
ry. The movement speed is controlled by chang-

Figure 3 - Graph of the change in the speed V of the 
platform along the trajectory

The segments o f the piecewise linear char­
acteristic determine the number o f segments that 
are involved in the fitting procedure. The fitting 
method is an exact method for solving a particu­
lar equation.

In the Maple system, a program was com­
piled for solving the differential equation o f a 
mobile robot, taking into account (17). Let’s take 
the coefficient o f road resistance ?

1600 - 
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a)

Figure 4 - Simulation of the dynamics of the robot, taking 
into account the unevenness of the web: a) a graph of 

the change in the function h(z); b) the graph of the speed 
during the acceleration of the mobile robot for 5sec and 

the abrupt change in the load at t = 2 с

Graph 4b shows the acceleration rate o f the 
mobile robot for 5 seconds. As can be seen from 
the graph, after the mass was added (t = 2 s), the 
acceleration speed became slow.

In addition, the value o f the functional is 
indirectly related to the reactions in kinematic 
pairs according to the equality obtained from the 
Gauss principle

Z 1  y R L
2 t i  m

(18)

The condition that the quantity is minimal 
for actual motion leads to an extreme property of 
constraint reactions: for actual motion, constraint 
reactions are minimal.

For example, in order to estimate the main 
vector o f force and the main moment o f forces 
reduced to the center o f gravity o f the platform, 
we have:

(19)

where -  the reaction o f the connection 
between the platform and the wheels, reduced to 
a point A, M12- moment o f coupling reactions 
between the platform and wheels, relative to the 
point A

To find Л12 и needs to (7) be shaped 
for (19).

Thus, the Gaussian principle o f no less 
compulsion made it possible to simplify the pro­
cedure for deriving the equations o f the dynamics 
o f a mobile robot, taking into account the perturb­
ing forces, and to evaluate the reactions between 
individual moving parts (links) o f the robot. The 
equations o f dynamics obtained on the basis of 
the Gauss principle are correct and make it possi­
ble to simulate the motion of the MR taking into 
account random perturbing forces.
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А.К. Тулешов, А.Ж. Сейдахмет, А.Е. Абдураимов, А.Н. Камал ВЫВОД И АНАЛИЗ УРАВНЕНИЙ 
ДИНАМИКИ МОБИЛЬНЫХ РОБОТОВ С УЧЕТОМ СЛУЧАЙНЫХ ВОЗМУЩАЮЩИХ СИЛ НА ОСНОВЕ 
ПРИНЦИПА НАИМЕНЬШЕГО ПРИНУЖДЕНИЯ ГАУССА

Аннотация. В работе вывод уравнений динамики четырехколесного мобильного робота 
осуществляется с использованием вариационного принципа наименьшего принуждения, известного как 
принцип Гаусса. Получены уравнения неголономных связей. Составлена функция меры принуждения 
четырехколесного мобильного робота. Уравнения динамики на основе принципа Гаусса получены с 
учетом динамической характеристики двух двигателей постоянным током. Предложена методики учета 
сил трения на колесах и случайных возмущений за счет неровности полотна. На платформе Maple 
разработан алгоритм и программа моделирования динамики мобильного робота на основе принципа 
Гаусса и доказана корректность и правильность полученных уравнений движения робота.

Ключевые слова: Мобильный колесный робот, принцип Гаусса, уравнения динамики, 
моделирование движения, возмущающие силы.
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А.К. Тулешов, А.Ж. Сейдахмет, А. Е. Абдураимов, А.Н. Камал ЕЦ АЗ ШЕКТЕУ ГАУСС 
ПРИНЦИП1 НЕГ1З1НДЕ КЕЗДЕИСОК КОЗДЫРГЫШ КУШТЕРД1 ЕСКЕРЕ ОТЫРЫП, ЖЫЛЖЫМАЛЫ 
РОБОТТАРДЫЦ ДИНАМИКАСЫНЫЦ ТЕЦДЕУЛЕР1Н ШЫГАРУ Ж0НЕ ТАЛДАУ

ТYiндеме. Бул жумыста терт донгалакты жылжымалы роботтын динамикасынын тендеулерЫ 
шыгару Гаусс принципi деп аталатын ен аз шектеудщ вариациялык принципiн колдану аркылы жYзеге 
асырылады. Голономдык емес шектеулердiн тендеулерi алынды. Терт донгалакты мобильдi роботтын 
м8жбYрлеу функциясын курастырылды. Гаусс принципiне непзделген динамикалык тендеулер туракты 
токтын ею козгалткышынын динамикалык сипаттамаларын ескере отырып алынады. Денгелектердегi 
Yйкелiс кYштерiн жэне кенептiн кедiр-будырлыFына байланысты кездейсок бузылуларды есепке 
алу 8дiстерi усынылган. Maple платформасында Гаусс принципi бойынша жылжымалы роботтын 
динамикасын модельдеу алгоритмi мен багдарламасы жасалып, роботтын козгалыс тендеулерЫщ 
алынган дурыстык мен дурыстыгы дэлелдендк

TY^Hdi свздер: К,озгалмалы донгалакты робот, Гаусс принципу динамика тендеулерi, козгалысты 
модельдеу, кедергi кYштерi.
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